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Abstract 

We study the asymptotic behavior of the spherically symmetric solutions of the system obtained from the 
dimensional reduction of the six-dimensional Einstein-Gauss-Bonnet action. We show that in general the 
scalar field that parametrizes the size of the internal space is not trivial, but nevertheless the solutions depend 
on a single parameter. In analogy with other models containing Gauss-Bonnet terms, naked singularities are 
avoided if a minimal radius for the horizon is assumed. 
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1. Introduction 



In order to explore the physical implications of the dimensional reduction of higher-dimensional models 
of gravity, it is interesting to investigate the properties of the solutions of the Einstein equations having the 
form of the direct product of a four-dimensional black-hole spacetime with an internal space of microscopic 
size. In the simplest case, the dimensionally reduced theory will consist in four-dimensional general relativity 
coupled to a scalar field which parametrizes the size of the internal space. The global properties of the 
solutions of this form have been investigated some time ago in [1], where it was shown that all solutions 
having an internal space of finite size are asymptotically flat for pure Einstein gravity, or asymptotically 
anti-de Sitter if a cosmological constant is present. 

However, in the context of higher-dimensional theories of gravity, higher-curvature corrections to the 
Einstein-IIilbert action arise naturally. Among these, a special role is played by the Gauss-Bonnet (GB) terms 
[2]. These are in fact the only possible generalization to higher dimensions of the EH action that gives rise 
to field equations which are second order in the metric, linear in the second derivatives, and divergence free. 
These corrections also appear in the low-energy effective action of string theories. Of course, the presence 
of additional terms in the action modifies the properties of the black hole solutions of the dimensionally 
reduced theory. 

In two recent papers [3-4], we have classified the black hole solutions of a dimensionally reduced six- 
dimensional Einstein-GB model, with and without the inclusion of a cosmological constant. We have shown 
that all spherically symmetric solutions with asymptotically constant scalar field have either flat or anti-dc 
Sitter behavior at infinity (in addition to these, de Sitter-like solutions exist with no asymptotic region). 
However, we have not studied the details of the solutions. In view of the no-hair theorems [5] of Einstein 
gravity, it would be interesting to investigate more thoroughly the behavior of the solutions at infinity, to 
see if scalar hair can be present when a GB term is added. It is known, in fact, that in the case of GB- 
scalar couplings in four dimensions, a non-trivial scalar field can arise, whose scalar charge is however not 
an independent parameter, but a function of the black hole mass [6].* 

In the present paper, we study this problem by expanding the solutions of the field equations at infinity 
in powers of and show that for black hole solutions the scalar field configuration is always non-trivial, 
even if the scalar charge vanishes due to the rapid decrease of the field at infinity. 

We also investigate the near-horizon behavior of the solutions. It is known that in the case of GB black 
holes one must impose a minimal value to the horizon radius r - /, in order to prevent naked singularities [8-9] . 
By expanding the solutions near the horizon in powers of r — Th, we show that the same phenomenon occurs 
in our dimensionally reduced model. The near-horizon expansion also permits to check the possibility of 
degenerate horizons in the de Sitter-like case, which are related to a generalization of the Nariai metric. 



When multiple scalar fields are present, independent scalar charge can however appear [7]. 
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We consider a six-dimensional model with action 

I = J y/=dd 6 x {2f3 + K + aS), (1) 

where 1Z is the curvature scalar, S = W ivpa 'R, llV p„ — iTZ^TZ^ + 1Z 2 the quadratic GB term (which is the 
only relevant one in six dimensions), 2(3 the cosmological constant, and a a coupling constant. 

We assume that the metric has the form of the direct product of a spherically symmetric four-dimensional 
spacetime with a maximally symmetric two-dimensional space. Hence we can write the metric ansatz in its 
six-dimensional form as 

ds 2 = -Adt 2 + A^dr 2 + R 2 dfl 2 e + S 2 dQ 2 , (2) 

where dCq is the line element of the maximally symmetric two-dimensional space and A, R and S are 
functions of r. 

The field equations then read 

A'RR'S 2 + AR' 2 S 2 + A'R 2 SS' - AR 2 S' 2 - iARR'SS' + eR 2 - S 2 - (3R 2 S 2 = 

4a[l - e{A'R'R - AR' 2 ) - {A'S'S - AS' 2 ) + 3AR'S'(A'RS + ARS' + AR'S)], (3) 



S 2 {A"R + 2A'R' + 2AR") + 4S(A'RS' + AR'S' + ARS") + 2ARS' 2 - 2eR - 2f3RS 2 

- 4a[e(A"R + 2A'R! + 2AR") - 2S(A' 2 R'S' + AA" R'S' + AA' R"S' + AA' R'S") 

- S' 2 (A' 2 R + AA"R + 6AA'R' + 2A 2 R") - S'S"{2AA'R + 4A 2 i?')], 



(4) 



R 2 (A"S + 2A'S' + 2 AS") + 4R(A'SR' + AS'R' + ASR") + 2ASR' 2 - 25 - 2(3SR 2 = 

- 4a[A"S + 2A'S' + 2AS" - 2R(A' 2 S'R' + AA" S'R' + AA' S"R' + AA' S'R") 

- R' 2 (A' 2 S + AA"S + 6AA'S' + 2A 2 S") - R'R"(2AA'S + 4A 2 S")], (5) 

where e = 1 if the curvature of the internal space is positive, e = — 1 if it is negative, and e = if it vanishes. 

The ground state of the theory is assumed to be the direct product of a four-dimensional maximally sym- 
metric spacetime of curvature A e with a two-dimensional maximally symmetric internal space of curvature 
Aj. With this ansatz, the field equations reduce to 

12aA 2 + 6A e + /3 = 0, 12oA e A 4 + A, + 3A e + (3 = 0, (6) 

with solutions 

6±T 6 - 8a/3 ± (1 - 4a/3)r 

e ~ ~^4a^' 1 ~ 8a(5 - 12a/3) ' ( } 

where T = y/36 — 48af3. Eqs. (6) have two different solutions which, depending on the values of the parame- 
ters a and [3, can have different nature. If a > 0, the first solution is adS 4 x H 2 for any (3 < j^; the second 
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solution is dS 4 x S 2 if < 0, M 4 x R 2 if /3 = 0, adS 4 x ff 2 if < < yf^, adS 4 x S 2 if ^ < < ±, 
adS 4 x R 2 if /3 = No solutions exist if /3 > We denoted as M 4 , dS* 4 , acZ5 4 four-dimensional 

Minkowski, de Sitter and anti-de Sitter spacetime, respectively, and by R 2 , S 2 and H 2 two-dimensional 
maximally symmetric spaces of zero, positive and negative curvature, respectively. 

If a < 0, the first solution is dS 4 x S 2 for any > the second solution is adS 4 x H 2 if /3 > 0, 
M 4 x i? 2 if = 0, dS 4 x S 2 if ^ < < 0, dS 4 x H 2 if £ < /3 < ^ dS 4 x i? 2 if /? = £ . No solutions exist 
if < j^. In the following, we shall mainly be concerned with the case of anti-de Sitter or flat spacetime, 
since they have an asymptotic region, and hence for simplicity will consider only the case of positive a > 0, 
which is also that dictated by string theory. Our results can however easily be extended to a < 0. 

The action (1) can be dimensionally reduced, using the Kaluza-Klein ansatz 

ds 2 = -e~ 2 ' t 'ds 2 e +e 2 ' t 'ds 2 , (8) 

where is a scalar field parametrizing the size of the internal space, ds 2 is the line element of the four- 
dimensional spacetime and ds 2 that of the two-dimensional internal space. In particular, the spacetime 
metric can be written in the Schwarzschild form 

ds 2 e = -Adt 2 + A~ l dx 2 + B 2 dn 2 e , (9) 

where e 2 * = S 2 , A — AS 2 , B — RS 2 , and a new radial variable x = J S 2 dr has been defined. 
The dimensionally reduced action reads 

=5 d 4 x \{1 + 2ae e^TZ + a e^S + 8a e 2 *^ WV > 

+ 4(1 + 3ae e~ 2 *) (V0) 2 - 8a e 2 ^(V</>) 4 + 20 e" 2 ^ + e e" 4 ^] , (10) 

Where 1Z, S and are the curvature, the GB scalar and the Einstein tensor of the four-dimensional 
spacetime. The action (10) displays some similarity to the effective string action studied in [6,8,9], and 
contains several non-standard couplings of the scalar field with gravity, that rule out the usual no-hair 
theorems. The field equations are however still second order. 

2. Asymptotic behavior 

We first investigate the asymptotic behavior of the solutions of eqs. (3)-(5), by expanding them in powers 
of - . Since the special case of vanishing cosmological constant cannot be obtained as a limit of the general 
case, we start by considering this. 

A. = 

As shown in [3], when = the solutions can be either asymptotically flat, with flat internal space, or 
asymptotically anti-de Sitter, with internal space of negative curvature. In the asymptotically flat case, we 
expand the metric functions for r — > oo as 

oo oo oo 

a = EJ> * = E;£r> * = *>E£ (") 

i=0 i=0 i=0 
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Obviously, one can put cfq = 1. Moreover, one is free to linearly transform the coordinate r. This freedom 
can be fixed choosing p = 1, pi = 0. 

Substituting in the field equations (3)-(5), with e = 0, and comparing order by order in i, one obtains 
that So = 1, while So and Si are free parameters. Moreover, S2 = S s = p 2 = p3 = <7i = 02 = 03 = 0. Up 
to this order, the asymptotic behavior is that of the Schwarzschild solution of dimensionally reduced pure 
Einstein gravity. The first corrections due to the GB term arise at the fourth order: 



<>4 = ^ S 1 , 



Pi 



5a 
12 



a 4 = --Sl 



(12) 



Putting <5i = — 2M, the metric fields read 
A 



2M 2aM 2 

1 + 3— +•■■: 



, 5aM 2 
il = r(l + - S3 - + ... 



S = S (l-^ + . 



In terms of the four-dimensional metric functions (9), after a rescaling of x, 



A = I + Si — + (Si + 2a 4 ) 4 

a; a; 4 



e 2< ^ = S n 2 



l + 2a 4 ^ 



CT 4 \ Sj 



or, more explicitly, 



„ 2m 
i4 = l + . 

x 



B = x 1 + 



4am 2 S^ 



3x 4 



+ 



— S (l- WS " 



+ . 



(13) 



(14) 



where we have defined m = —SqSi/2. Note that the fourth order correction to A vanishes. The four- 
dimensional metric is a deformation of the Schwarzschild solution, with nontrivial scalar field. The solution 
depends only on one parameter (the mass) and the scalar charge vanishes due to the rapid decrease of the 
scalar field at infinity. 

In the asymptotically anti-de Sitter case, the expansion of the metric fields at infinity must be modified 
to take into account the terms proportional to r 2 in the metric function A. We put 



i=0 i=0 i=0 

The zeroth order equation, with e = — 1, gives the background solution 



x 1 
S ° = 2a-' 



(15) 



(16) 



Choosing as before the gauge po = 1, pi = 0, 01 = 1, one obtains Si = 1, £3 free, Si = S4 = 5$ = 0, pi = 
for 2 < i < 5, <7j = 0, for 1 < i < 5. In this case, the corrections driven by the GB term arise at sixth order: 



Putting S3 — —2M, the metric functions read 

r 2 2M UaM 2 

A = hi 

2a r 



5r 4 



14a 2 M 2 



S = 



10a / 2a 2 M 2 



In terms of the four-dimensional metric functions (9), after a rescaling of x, 



a x x2 _l 1 1 x Sa _l fx j_ 6S a 6 \ s o , 



B = x 



1 + (p6 + 



3<Tf 



e 2 * = S 2 



06 

1 + 2..I + ... 



or, more explicitly, 



3.x 2 2m 128a 2 m 2 

A = o +1 -a — 

20a 2 x 15a; 4 



536a 4 m 2 \ 
/; — ] 



e 2 * = 



10a 



06 



(18) 



(19) 



80a 4 m 2 
3 V 1 + ^^ + -- 



where m — —S0S3/2. 

In this case the solution is a deformation of the Schwarzschild-anti-de Sitter metric with nontrivial 
scalar field, but again depends on a single parameter and exhibits no scalar charge. 



B. (3^0 

We pass now to discuss the general case (3 7^ [4]. Solutions with asymptotic regions exist whenever 
dp < §, and are always asymptotically anti-de Sitter. More precisely, there are two possible anti-de Sitter 
solutions if (3 > and only one if (3 < 0. The internal space has negative curvature for both solutions if 
< (3 < or positive for one solution and negative for the other if (3 > (if (3 
a unique solution, with negative curvature). If (3 < 0, the internal space of the anti-de Sitter solution has 
positive curvature. Finally, when (3 = ^j, the internal space is flat. 

In view of the anti-de Sitter behavior of the solutions under consideration, one can expand as in (15). 
At zero order one gets 

6±T 



rr%- there exists 

12a 



So 



6-8a/3=F(l-4a/?)r 



2/3(3 - 4a/3) 



(20) 



24a ' 

where T = ^36 - 48a/3. 

Expanding, with the usual gauge conditions, one obtains S2 = 1, #3 free, S\ = 64 = 65 = 0, pi = for 
2<«<5, 0-3 = 0, for 1 < i < 5. The first nontrivial terms arise again at sixth order: 

7a(3-4a/3)(30- 24a/3±5r) 2 42a 2 (3-4a/3) 



■si, 



10(3 + 2a(3) [30 - 40a/3 ± (5 - Aa/3)T] 3 

3a 2 (l-4a/3)r 



P6 



<7 6 = ±- 



"(3 + 2a/?)[30-40a/3± (5 - 4a(3)T] ;; 
The four-dimensional metric can still be obtained using equations (19). 



5(3 + 2a/3)(6-8a/3±r) 
51 



si 



(21) 



The asymptotic properties of these solutions are analogous to those of the anti-de Sitter branch of the 
(3 = case. Actually, the limit (3 — > diverges for the lower sign, and reduces to the anti-dc Sitter solution 
of the previous section for the upper sign. 



When (3 = the solution (20) diverges. One must therefore consider this case separately. It turns out 
that the internal space is flat. At order zero, So = while So is undetermined. Expanding, with the usual 
gauge conditions, one obtains 5\ = 64 = S 5 = 0, 5 2 = 1, S 3 free, pi = for 2 < i < 5, cr 2 = 04 = cr^ — 0, a 3 
free. The first nontrivial terms in the expansion are 

. 2cr 3 (3o- 3 + 8a5 3 ) 4ct 3 (3ct 3 - 2a5 3 ) 2aS 3 (3a 3 + aS 3 ) 

56 = 5a P6 = 5 ' CT6 = 3 ' (22) 

In this case, a new free parameter a 3 appears in the solutions. Putting <5 3 = — 2M, a 3 = D 

r 2 2M 2D(3D - lQaM) ( 4D(3D + AM) 
A=— + 1 V - , - + ..., R = r[l y —— 6 '- + . 

4a r bar* \ 5r b 

S = S„( 1 + g + ^ + ^> +...). ,23, 

The solution is again a deformation of the Schwarzschild-anti-de Sitter metric, but depends on two 
parameters. However, the scalar charge vanishes, since the field S decreases as r~ 3 at infinity. 



This is an algebraic special case, since the field equations are not sufficient to determine univocally the 
solution (an analogous situation for spherically symmetric solutions has been discussed in [10]). With the 
ansatz S 2 — 4a, and e = — 1, the solution is given by an arbitrary function R(r), with A(r) satisfying the 
differential equation 

-{R 2 - 4aAR' 2 + 4a)A" + 2(RR' - 2aR'R"A')A' - 2aR l2 A' 2 + 2{R' 2 + 2RR" + -^=)A = 1 + — . 
2 2\fa 4a 

A special solution was found in [11] for R = r. 

3. Near-horizon behavior 

Also the behavior of the solutions near the horizon can be studied perturbatively. In models containing 
GB terms, the request of absence of naked singularities imposes a lower value for the horizon radius [8,9]. 
In order to investigate this topic in the present model, we expand the metric functions near the horizon at 

r = Th as 

A = L' h (r-r h ) + h^r-r h ) 2 + ..., R = R h + R' h (r - r h ) + . . . , S = S h + S' h (r - r h ) + . . . , (24) 
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with constant coefficients L' h , Rh, Sh, etc. Again we use the freedom of linearly transforming r to put 
Rh = rh, R' h = 1. Then the field equations yield, in the limit r — > rh 



r h SgL',( + 45 fc 5^L' fc + 2S£L{, - 2er h - 2f3r h S 2 h + Aa[2e{r h K + L' h ) - 2S h S' h L' 2 - r h S l2 L' 2 ] = 0, (25) 
r\S h Ll + 2r 2 S' h L' h + Ar h S h L' h - 2S h - 20r 2 S h + Aa(S h L'> + 2S' h L' h - S h L' 2 - 2r h S' h L' 2 ) = 0, (26) 
r h SlL' h + rlS h S' h L' h - er 2 - S 2 - 0r 2 S 2 + Aa[S h S' h L' h + e(r h L' h 1)] = 0. (27) 

From (27) one can obtain L' h in terms of S' h , Sh and r^: 

e(Aa + r 2 h ) + S 2 (l + (3r 2 ) 
h r h (Aea + S 2 ) + S h S' h (Aa + r 2 y 1 > 

One can then eliminate L'^ from (25) and (26), and substitute (28). In this way, one obtains a complicated 
second degree algebraic equation for S' h in terms of r/j and Sh- The equation admits real solutions for S' h if 
its discriminant T is positive. We write it for Sh = 1: 

T =[1 - A0a + A{0 2 - 2e/3 2 - 12)a 2 + (16e/3 2 + 96/3 - 144e)a 3 + (64/3 2 + 384e/3)a 4 ]r£ 

- 8a 2 [(/3 - 2e) - 2(/3 2 - 2e0 + 3)a + 8(e/3 2 - 2/3 + 3e)a 2 - 48e/3a 3 ]r£ 

(29) 

- 16a 2 [3 - 3(2/3 + e)a - A(0 2 + 2e/3 + 31)a 2 + 48(2/3 - 5e)a 3 ]r^ 

- 64a 3 [4 - 3(2/3 - e)a - 12(2e/3 + 5)a 2 - 144ea 3 ]. 

The roots of T depend on the specific values of the coupling constants a and and their expression is 
awkward. However, in general, T > for rh > fh, where fh is a function of a, and S^. Hence, a minimal 
value of the horizon radius is found, in analogy with other GB models. In particular, a simple result is 
obtained in the special case = j-, where r 2 , > 12a. 

Another interesting possibility is that L' h can vanish if e, a or is negative. In this case one has a 
double zero of the metric function, indicating a degenerate horizon. This happens whenever 

2 _ r 2 +Aa 

One can check that this possibility can only arise in the case of de Sitter-like black holes, when < 0. In 
this case, 

r 2 h = S 2 h = -±(l + Jl^0). (31) 

With these values of the parameters, one should obtain a generalization of the Nariai metric. In fact, they 
correspond to the exact solution dS 2 x S 2 x S 2 , 



r 



ds 2 = ( 1 - -j j dt 2 + [l lj ) 1 dr 2 + r 2 h dn 2 e + r 2 dn 2 , 



with r 2 given by (31). 



4. Conclusion 

We have studied the asymptotic behavior of the black hole solutions of dimensionally reduced six- 
dimensional Einstein-GB theory. They can be either asymptotically flat or asymptotically anti-de Sitter and 
depend on a single parameter (the black hole mass), except in the special case (3 = , where a second 
parameter is present. The scalar field is always non-trivial for non-vanishing mass, but its scalar charge is 
zero, due to its rapid decrease at infinity. The situation is therefore analogous to that of the four-dimensional 
Einstein-GB model coupled to a scalar field [6]. It must also be remarked that in the case (3 = the solution 
is not completely determined by the field equations. 

The study of the near-horizon behavior of the solutions shows that also in this case a minimal value for 
the horizon radius must be imposed in order to avoid naked singularities, as for other GB models [8,9]. Black 
holes without asymptotic regions, analogous to Schwarzschild-de Sitter black holes of general relativity , can 
develop a degenerate horizon, leading to a generalization of the Nariai metric. 
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